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Abstract
Nongraded infinite-dimensional Lie algebras appeared naturally in the theory of Hamilto-
nian operators, the theory of vertex algebras and their multi-variable analogues. They play
important roles in mathematical physics. This survey article is written based on the author’s
seminar talks on nongraded infinite-dimensional simple Lie algebras. The key constructional
ingredients of our Lie algebras are locally-finite derivations. The structure spaces of some
families of these simple Lie algebras can be viewed as analogues of vector bundles with Lie
algebras as fibers. We also believe that some of our simple Lie algebras could be related to
noncommutative geometry.
1 Introduction
A Lie (super)algebra G is called finitely-graded if G =
⊕
α∈Γ Gα is a Γ-graded vector space for
some abelian group Γ such that
dim Gα <∞, [Aα,Aβ] ⊂ Aα+β for α, β ∈ Γ. (1.1)
In short, we call finitely-graded as graded. Graded infinite-dimensional simple Lie (super)algebras
have been extensively studied (e.g., cf. [Bl], [CK], [DZ1-5], [K1-4], [K6], [Kn], [L1-2], [Mo1-2],
[Mr], [O], [OZ1-4], [S1-3], [Z1], [W]). Our list of references might be partial. An important
family of graded infinite-dimensional simple Lie algebras associated with generalizations of Car-
tan matrices were introduced by Kac [K1] and Moody [Mr]. Most of the other graded infinite-
dimensional simple Lie algebras are related to derivations and commutative associative algebras.
Z-graded simple Lie algebras were classified by Kac [K1], Weisfeiler [W] and Mathieu [Mo1].
Z-graded-simple Lie algebras were classified by Mathieu [Mo2]. Cheng and Kac [CK] classified
Z-graded simple Lie superalgebras.
Vertex (super)algebras were originally introduced in order to study the moonshine repre-
sentation of the Monster group (cf. [Bo], [FLM]). Vertex (super)algebras have become the
fundamental algebraic structures in (super)conformal field theory. These algebraic structures
have been reformulated by Beilinson and Drinfeld [BD] in terms of algebraic geometry. The
Lie (super)algebras associated with vertex (super)algebras are in general not graded (cf. [Bo],
[FLM], [K5], [X3]). They are Lie algebras with one-variable structure. Kac [K5] introduced
the notation of conformal (super)algebra, which is the local structure of a Lie (super)algebra
with one-variable structure. Vertex (super)algebras are generated by conformal (super)algebras.
We proved in [X9] that conformal (super)algebras are equivalent to linear Hamiltonian (su-
per)operators. Bakalov, D’Andrea and Kac [BDK] introduced a multi-variable analogue of
conformal algebra.
Our earlier motivation of studying nongraded simple Lie superalgebras was from the study
of the Lie superalgebras generated by the Hamiltonian superoperators associated with Novikov-
Poisson algebras (cf. [X2], [X5]). The notion of Novikov-Poisson algebra was introduced in
[X1] in order to establish a tensor theory for Novikov algebras. More new nongraded Lie (su-
per)algebras appeared in our work [X6] of quadratic conformal superalgebras, which are related
to certain Hamiltonian pairs. In general, we are interested in knowing which Lie (super)algebras
are simple algebras with one-variable structure.
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A linear transformation T on a vector space V is called locally-finite if
dim(Span {T n(u) | n ∈ N}) <∞ for u ∈ V, (1.2)
where N is the additive semigroup of nonnegative integers. The simple Lie (super)algebras dis-
cussed in this article are related to locally-finite derivations of commutative associative algebras.
Under certain conditions, they are Lie (super)algebras with multi-variable structures.
Throughout this article, all the vector spaces (algebras) are assumed over a field F with
characteristic 0. Most important examples of such F are R the field of real numbers and C the
field of complex numbers. We also denote by Z the ring of integers.
2 Lie Algebras of Witt Type and Divergence-Free
A derivation d of a commutative associative algebra A is a linear transformation on A such that
d(uv) = d(u)v + ud(v) for u, v ∈ A. (2.1)
The space DerA of all the derivations of A forms a Lie algebra with the Lie bracket
[d1, d2] = d1d2 − d2d1 for d1, d2 ∈ DerA, (2.2)
where the multiplications on the right-hand side are compositions of linear transformations. For
u ∈ A and d ∈ DerA, we define the operator ud by
(ud)(v) = ud(v) for v ∈ A. (2.3)
Then ud is also a derivation of A. Hence DerA is a left A-module.
Given m,n ∈ Z with m < n, we shall use the following notation of indices
m,n = {m,m+ 1,m+ 2, ..., n} (2.4)
throughout this article. We also treat m,n = ∅ when m > n. The classical Witt algebras is
W(k,F) = Der F[t1, t2, ..., tk] =
k∑
i=1
F[t1, t2, ..., tk]∂ti . (2.5)
The Z-grading W(k,F) =
⊕
m∈Z(W(k,F))m is defined by
(W(k,F))m = 0 if − 1 > m ∈ Z, (2.6)
(W(k,F))m = Span{t
n1
1 t
n2
2 · · · t
nk
k ∂ti | i ∈ 1, k,
k∑
j=1
nj = m+ 1} if − 1 ≤ m ∈ Z. (2.7)
Then the Witt algebra W(k,F) is a simple finitely-Z-graded Lie algebra.
For a commutative associative algebra A and a subspace D of derivations, A is called D-
simple (derivation-simple with respect to D) if there does not exist a subspace I of A such that
I 6= {0},A, and
uI, d(I) ⊂ I for u ∈ A, d ∈ D. (2.8)
When D is a Lie subalgebra of DerA, the space
W(A) = AD (2.9)
also form a Lie subalgebra of DerA.
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Theorem 2.1 (Jordan, [J1-3]). The Lie algebra W(A) is simple if A is D-simple.
A deficiency in Jordan’s papers is that there are no essentially new examples of simple Lie
algebras of Witt type. In [J1-2], Jordan dealt with the case D is an abelian subalgebra. The
results was repeated in [P1].
For any positive integer n, an additive subgroup G of F n is called nondegenerate if G contains
an F-basis of F n. Let ℓ1, ℓ2 and ℓ3 be three nonnegative integers such that
ℓ = ℓ1 + ℓ2 + ℓ3 > 0. (2.10)
Take any nondegenerate additive subgroup Γ of F ℓ2+ℓ3 and Γ = {0} when ℓ2 + ℓ3 = 0. Let
A(ℓ1, ℓ2, ℓ3; Γ) be a free F[t1, t2, ..., tℓ1+ℓ2 ]-module with the basis
{xα | α ∈ Γ}. (2.11)
Viewing A(ℓ1, ℓ2, ℓ3; Γ) as a vector space over F, we define a commutative associative algebraic
operation “·” on A(ℓ1, ℓ2, ℓ3; Γ) by
(ζxα) · (ηxβ) = ζηxα+β for ζ, η ∈ F[t1, t2, ..., tℓ1+ℓ2 ], α, β ∈ Γ. (2.12)
Note that x0 is the identity element, which is denoted as 1 for convenience. When the context
is clear, we shall omit the notation “·” in any associative algebra product.
We define the linear transformations
{∂t1 , ..., ∂tℓ1+ℓ2 , ∂
∗
1 , ..., ∂
∗
ℓ2+ℓ3} (2.13)
on A(ℓ1, ℓ2, ℓ3; Γ) by
∂ti(ζx
α) = ∂ti(ζ)x
α, ∂∗j (ζx
α) = αjζx
α (2.14)
for ζ ∈ F[t1, t2, ..., tℓ1+ℓ2 ] and α = (α1, ..., αℓ2+ℓ3) ∈ Γ. Then {∂t1 , ..., ∂tℓ1+ℓ2 , ∂
∗
1 , ..., ∂
∗
ℓ2+ℓ3
} are
mutually commutative derivations of A(ℓ1, ℓ2, ℓ3; Γ). Set
∂i = ∂ti , ∂ℓ1+j = ∂
∗
j + ∂tℓ1+j , ∂ℓ1+ℓ2+l = ∂
∗
ℓ2+l (2.15)
for i ∈ 1, ℓ1, j ∈ 1, ℓ2 and l ∈ 1, ℓ3. Observe that {∂i | i ∈ 1, ℓ} is an F-linearly independent
mutually commutative set of derivations. Let
D =
ℓ∑
i=1
F∂i. (2.16)
In [SXZ], we classified the pairs of a commutative associative algebra A with an identity
element and a locally-finte finite-dimensional abelian Lie subalgebra D of derivations such that
A is D-simple when F is algebraically closed. For neatness, we state here a more restricted result
from [SXZ].
Theorem 2.2 (Su, Xu and Zhang, [SXZ]). The algebra A(ℓ1, ℓ2, ℓ3; Γ) defined in (2.12)
is D-simple with respect to the D defined in (2.16). Conversely, suppose that F is algebraically
closed, A is a commutative associative algebra with an identity element and D is a locally-finte
finite-dimensional abelian Lie subalgebra D of derivations such that A is D-simple and
⋂
∂∈D
ker
∂
= F, (2.17)
then A is isomorphic to A(ℓ1, ℓ2, ℓ3; Γ) for some ℓ1, ℓ2, ℓ3 ∈ N and addtive subgroup Γ of F
ℓ2+ℓ3 ,
and D is of the form (2.16).
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In particular, the Lie algebra
W(ℓ1, ℓ2, ℓ3; Γ) = A(ℓ1, ℓ2, ℓ3; Γ)D, (2.18)
first given in [X7], is simple, which is not finitely-graded when ℓ2 > 0. The simplest example of
such algebra is
W =
k∑
i=1
F[t±11 , , ..., t
±1
k , tk+1, ..., t2k ](ti∂ti + ∂tk+i). (2.19)
The following special graded cases were studied by the other people. The algebraW(0, 0, ℓ3; Γ)
was introduced by Kawamoto [Kn]. Osborn studied the algebra W(ℓ1, 0, ℓ3; Γ) with
Γ = ∆1 ×∆1 × · · · ×∆ℓ3 , (2.20)
where ∆i are additive subgroups of F. The algebra W(ℓ1, 0, ℓ3; Γ) without the condition (2.20)
was obtained by Djokovic and Zhao [DZ3]. One can extend the algebra W(ℓ1, ℓ2, ℓ3; Γ) with
A(ℓ1, ℓ2, ℓ3; Γ) replaced by any of its localization or by adding A(ℓ1, ℓ2, ℓ3; Γ) with certain powers
uα11 u
α2
2 · · · u
αn
n for some 0 6= ui ∈ A(ℓ1, ℓ2, ℓ3; Γ) and (α1, α2, ..., αn) ∈ F
n. The extended Witt
algebras are still simple. Passman [P2] proved a theorem for Lie superalgebras analogous to
Jordan’s Theorem (Theorem 2.1), where D is super-commutative.
Denote by Mm×n the algebra of m× n matrices with entries in F and by GLm the group of
invertible m×m matrices. Set
Gℓ2,ℓ3 =
{(
A 0ℓ2×ℓ3
B C
)
| A ∈ GLℓ2 , B ∈Mℓ2×ℓ3 , C ∈ GLℓ3
}
, (2.21)
where 0ℓ2×ℓ3 is the ℓ2 × ℓ3 matrix whose entries are zero. Then Gℓ2,ℓ3 forms a subgroup of
GLℓ2+ℓ3 . Define an action of Gℓ2,ℓ3 on F
ℓ2+ℓ3 by
g(α) = αg−1 (matrix multiplication) for α ∈ F ℓ2+ℓ3 , g ∈ Gℓ2,ℓ3 . (2.22)
For any nondegenerate additive subgroup Υ of F ℓ2+ℓ3 and g ∈ Gℓ2,ℓ2 , the set
g(Υ) = {g(α) | α ∈ Υ} (2.23)
also forms a nondegenerate additive subgroup of F ℓ2+ℓ3 . Let
Ωℓ2+ℓ3 = the set of nondegenerate additive subgroups of F
ℓ2+ℓ3 . (2.24)
We have an action of Gℓ2,ℓ3 on Ωℓ2+ℓ3 by (2.23). Define the moduli space
Mℓ2,ℓ3 = Ωℓ2+ℓ3/Gℓ2,ℓ3 , (2.25)
which is the set of Gℓ2,ℓ3-orbits in Ωℓ2+ℓ3 .
Theorem 2.3 (Su, Xu and Zhang, [SXZ]). The Lie algebraW(ℓ1, ℓ2, ℓ3; Γ) is isomorphic
to the Lie algebra W(ℓ′1, ℓ
′
2, ℓ
′
3; Γ
′) if and only if (ℓ1, ℓ2, ℓ3) = (ℓ
′
1, ℓ
′
2, ℓ
′
3) and there exists an
element g ∈ Gℓ2,ℓ3 such that g(Γ) = Γ
′. In particular, there exists a one-to-one correspondence
between the set of isomorphism classes of the Lie algebras of the form (2.18) and the following
set:
SW = {(ℓ1, ℓ2, ℓ3,̟) | (0, 0, 0) 6= (ℓ1, ℓ2, ℓ3) ∈ N
3, ̟ ∈ Mℓ2,ℓ3}. (2.26)
In other words, the set SW is the structure space of the simple Lie algebras of Witt type in the
form (2.18).
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For ∂ =
∑n
i=1 fi∂ti ∈ W(n,F) (cf. (2.5)), we define the divergence of ∂ by
div ∂ =
n∑
i=1
∂ti(fi). (2.27)
Set
S(n,F) = {∂ ∈ W(n,F) | div ∂ = 0}. (2.28)
Then S(n,F) is the divergence-free Lie subalgebra of W(n,F). Moreover, S(n,F) is the subal-
gebra of W(n,F) annihilating the volume form; that is,
S(n,F) = {∂ ∈ W(n,F) | ∂(dt1 ∧ dt2 ∧ · · · ∧ dtn) = 0}. (2.29)
When F = R the field of real numbers, e∂ is a volume-preserving diffeomorphism for each
∂ ∈ S(n,F). The algebra S(n,F) is called a Lie algebra of Special type.
Let us back to our algebra W(ℓ1, ℓ2, ℓ3; Γ) in (2.18), we define the divergence by
div ∂ =
ℓ∑
i=1
∂i(ui) for ∂ =
ℓ∑
i=1
ui∂i ∈ W(ℓ1, ℓ2, ℓ3; Γ), (2.30)
and set
S(ℓ1, ℓ2, ℓ3; Γ) = {∂ ∈ W(ℓ1, ℓ2, ℓ3; Γ) | div ∂ = 0}. (2.31)
Let ρ ∈ Γ be any element. Then the space
S(ℓ1, ℓ2, ℓ3; ρ,Γ) = x
ρS(ℓ1, ℓ2, ℓ3; Γ) (2.32)
forms a Lie subalgebra of the Lie algebra W(ℓ1, ℓ2, ℓ3; Γ) (cf. (2.11)).
Theorem 2.4. (Xu, [X7]). The Lie algebra S(ℓ1, ℓ2, ℓ3; ρ,Γ) is simple if ℓ1 + ℓ2 > 0 or
ρ = 0 or ℓ ≥ 3. When ℓ1+ ℓ2 = 0, ℓ3 = 2 and ρ 6= 0, the derived subalgebra (S(ℓ1, ℓ2, ℓ3; ρ,Γ))
(1)
is simple and has codimension one in S(ℓ1, ℓ2, ℓ3; ρ,Γ).
The above theorem was originally proved in [X7] under the condition (2.20) with ℓ3 replaced
by ℓ2 + ℓ3. Later we observed that the condition can be removed by a trick used in [DZ4]. The
Lie algebra S(ℓ1, ℓ2, ℓ3; ρ,Γ) is not finitely-graded if ℓ2 > 0. We also called S(ℓ1, ℓ2, ℓ3; ρ,Γ) a
divergence-free Lie algebra in [SX1]. The special graded case S(ℓ1, 0, ℓ3; ρ,Γ) was studied by
Osborn [O], Djokovic and Zhao [DZ4], and Zhao [Z1].
Define the moduli space
MSℓ2,ℓ3 = (Γ× Ωℓ2+ℓ3)/Gℓ2,ℓ3 , (2.33)
where the action of Gℓ2,ℓ3 on Γ×Ωℓ2+ℓ3 is defined by g(ρ,Υ) = (g(ρ), g(Υ)) for (ρ,Υ) ∈ Γ×Ωℓ2+ℓ3
(cf. (2.21)-(2.24)).
Theorem 2.5 (Su and Xu, [SX1]). The Lie algebras S(ℓ1, ℓ2, ℓ3; ρ,Γ) and S(ℓ
′
1, ℓ
′
2, ℓ
′
3; ρ
′,Γ′)
with ℓ ≥ 3 are isomorphic if and only if (ℓ1, ℓ2, ℓ3) = (ℓ
′
1, ℓ
′
2, ℓ
′
3) and there exists an element
g ∈ Gℓ2,ℓ3 such that g(Γ) = Γ
′, and g(ρ) = ρ′ if ℓ1 = 0. In particular, there exists a one-to-one
correspondence between the set of isomorphism classes of the Lie algebras of the form (2.32) and
the set SW in (2.26) if ℓ1 > 0, and between the set of isomorphism classes of the Lie algebras
of the form (2.32) and the following set:
SS = {(ℓ1, ℓ2, ℓ3,̟) | (0, 0, 0) 6= (ℓ1, ℓ2, ℓ3) ∈ N
3, ̟ ∈ MSℓ2,ℓ3} (2.34)
if ℓ1 = 0.
Bergen and Passman [BP] proved an abstract simplicity theorem for Lie algebras of special
type with the assumption that the derivations in D are diagonalizable. By our classification
theorem of D-simple algebras in [SXZ] (cf. Theorem 2.2), the Lie algebras of Special type
studied in [BP] are essentially the algebras of the form S(0, 0, ℓ3; 0,Γ).
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3 Lie Algebras with a Feature of the Block Algebras
Let k be a positive integer. We shall write an element of F k as
α = (α1, α2, ..., αk). (3.1)
Denote by Xr the rth coordinate mapping of F
k with r ∈ 1, k, that is,
Xr(α) = αr for α ∈ F
k. (3.2)
For λ ∈ F, we let
λ[r] = (0, ..., 0,
r
λ, 0, ..., 0) for r ∈ 1, k. (3.3)
Take an additive subgroup Γ of F k and additive semigroups
Jp ∈ {{0},N} for p ∈ 1, k (3.4)
such that
Xp(Γ) + Jp 6= {0} for p ∈ 1, k. (3.5)
Set
J = J1 × J2 × · · · × Jk. (3.6)
Then J forms an additive sub-semigroup of F k. We shall write an element of J as
~i = (i1, i2, ..., ik). (3.7)
Let A(Γ,J ) be the semigroup algebra of Γ×J with the canonical basis
{xα,
~i | (α,~i) ∈ Γ× J }, (3.8)
that is,
xα,
~i · xβ,
~j = xα+β,
~i+~j for (α,~i), (β,~j) ∈ Γ× J . (3.9)
Moreover, we have the following mutually commutative derivations {∂p | p ∈ 1, k} defined by
∂p(x
α,~i) = αpx
α,~i + ipx
α,~i−1[p] for (α,~i) ∈ Γ× J , (3.10)
where we adopt the convention that if a notation is not defined but technically appears in an
expression, we always treat it as zero; for instance, xα,−1[1] = 0 for any α ∈ Γ.
Class I.
Let k = 2 and denote A2 = A(Γ,J ). We define the following Lie bracket [·, ·]I on A2 by
[u, v]I = ∂1(u)∂2(v) − ∂2(u)∂1(v) + u∂1(v)− ∂1(u)v for u, v ∈ A2. (3.11)
Denote
σ1 = (0, 1), σ2 = (0, 2). (3.12)
We treat
xσp,
~0 = 0 if σp 6∈ Γ. (3.13)
Then xσ1,
~0 is a central element of the Lie algebra (A2, [·, ·]I ). Form the quotient Lie algebra
B2 = A2/Fx
σ1,~0, (3.14)
whose induced Lie bracket is still denoted by [·, ·]I .
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Theorem 3.1. The Lie algebra (B2, [·, ·]I ) is simple if J 6= {~0} or σ2 6∈ Γ. If J = {~0} and
σ2 ∈ Γ, then the derived subalgebra B
(1)
2 = [B,B]I is simple and B2 = B
(1)
2 ⊕ (Fx
σ2,~0 + Fxσ1,
~0).
The above theorem was due to Block [Bl] when J = {~0} and σ2 6∈ Γ, due to Djokvic and
Zhao [DZ1] when J = {~0} and σ2 ∈ Γ, and due to the author [X4] when J 6= {~0}. The Lie
algebra L+ in [Z2] is isomorphic our algebra (A2, [·, ·]I ) with
J1 = {0}, J2 = N, X2(Γ) = {0}. (3.15)
The general case L in [Z2] can essentially be obtained from the above special case by adding
certain powers (x0,1[2])µ to A2 with µ ∈ F.
If Xp(Γ)Jp 6= {~0} for p = 1 or 2, the simple Lie algebra (B2, [·, ·]I ) is not finitely-graded.
The algebra (A2, [·, ·]I ) appeared in our classification work [X6] of quadratic conformal algebras.
The following is a typical example of such algebras.
Example 3.1. Let m be a positive integer. Let A be the subalgebra of
R[t
±1/m
1 , t
±1/m
2 , t3, t4] (3.16)
generated by
{t±11 , t
±1
2 , t3, t4, (t1t2)
1/m}. (3.17)
In particular, A = R[t±11 , t
±1
2 , t3, t4] when m = 1. The space B = A/Rt2 and its Lie bracket is
induced by
[f, g]I = (t1ft1 + ft3)(t2gt2 − gt4 − g) + (f − t2ft2 − ft4)(t1gt1 + gt3) (3.18)
for f, g ∈ A.
Class II.
Let k = 4 and denote A4 = A(Γ,J ). Assume
Z
4 ⊂ Γ. (3.19)
Take
0 6= (κ1, κ2, 0, 0), 0 6= (0, 0, κ3, κ4) ∈ Γ (3.20)
and set
κ = (κ1, κ2, κ3, κ4). (3.21)
The following Lie bracket [·, ·]II on A4 was obtained in [X4] by the author in studying quadratic
conformal algebras (cf. [X6]):
[u, v]II = x
κ,~0(∂1(u)∂2(v)−∂2(u)∂1(v))+(∂3+κ3)(u)(∂4+κ4)(u)−(∂4+κ4)(u)(∂3+κ3)(u) (3.22)
for u, v ∈ A4. Set
σ = (0, 0,−κ3,−κ4), ρ = (κ1, κ2,−2κ3,−2κ4). (3.23)
Then xσ,
~0 is a central element of (A4, [·, ·]II ). Form the quotient Lie algebra
B4 = A4/Fx
σ1,~0, (3.24)
whose induced Lie bracket is still denoted by [·, ·]II .
Theorem 3.2 (Xu, [X4]). The Lie algebra (B4, [·, ·]II ) is simple if J 6= {~0}. If J = {~0},
then the derived subalgebra B
(1)
4 = [B,B]II is simple and B4 = B
(1)
4 ⊕ (Fx
ρ,~0 + Fxσ,
~0).
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The Lie bracket [·, ·]II in (3.22) may not look natural from pure Lie algebra point of view.
However, it is quite natural from quadratic conformal algebra point of view. The finding of this
family of simple Lie algebras shows that the notion of conformal algebra is useful in studying
simple Lie algebras. The Lie algebra (B4, [·, ·]II ) is not finitely-graded.
Example 3.2. Let A be the subalgebra of
R[t±1/mp , t4+p | p ∈ 1, 4] (3.25)
generated by
{t±1p , t4+p, (t1t2t3t4)
1/m | p ∈ 1, 4}. (3.26)
When m = 1,
A = R[t±1p , t4+p | p ∈ 1, 4]. (3.27)
Take a nonzero integer n. The space B = A/R(t3t4)
−n and its Lie bracket is induced by
[f, g]II = (t1t2t3t4)
n[(t1ft1 + ft5)(t2gt2 + gt6)− (t2ft2 + ft6)(t1gt1 + gt5)] + (t3ft3 +
+ft7 + nf)(t4gt4 + gt8 + ng)− (t4ft4 + ft8 + nf)(t3gt3 + gt7 + ng) (3.28)
for f, g ∈ A.
Class III.
The third class of algebras are supersymmetric extensions of the algebras of Class I. Set
A˜ = A2 ×A2 = A˜0 ⊕ A˜1 (3.29)
with
A˜0 = (A2, 0), A˜1 = (0,A2). (3.30)
Moreover, we denote
u(0) = (u, 0), u(1) = (0, u) (3.31)
for u ∈ A2.
Take an element κ = (κ1, κ2) ∈ Γ. We have the following Lie superbracket [·, ·] on A˜ defined
by
[u(0), v(0)] = [∂1(u)∂2(v)− ∂1(v)∂2(u) + u∂1(v)− ∂1(u)v](0), (3.32)
[u(0), v(1)] = [∂1(u)(∂2(v) + (κ2 − 1)v/2) + (u− ∂2(u))(∂1(v) + κ1v/2)](1), (3.33)
[u(1), v(1)] = (x
κ,~0uv)(0) (3.34)
for u, v ∈ A2. The Lie superalgebras generated by Hamiltonian superoperator of supervaribles
(cf. [X5]) associated with certain Novikov-Poisson algebras are of the above form (A˜, [·, ·]) (cf.
[X2]). Set
B˜ = A˜0 + B˜1 with B˜1 = [A˜0,A1]. (3.35)
Then B˜ form a Lie sub-superalgebra of A˜. Moreover, (xσ1,
~0)(0) a central element of B˜ (cf. (3.12),
(3.13)). Form the quotient Lie superalgebra
C˜ = B˜/F(xσ1,
~0)(0), (3.36)
whose induced Lie superbracket is still denoted by [·, ·]. Now we allow X2(Γ) = J2 = {0} (cf.
(3.2), (3.4), (3.5)).
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Theorem 3.3 (Xu, [X4]). The Lie superalgebra (C˜, [·, ·]) is simple. Moreover, B˜1 = A˜1
when J 6= {~0}, and
B˜1 = Span {(x
α,~0)(1) | ((0, 3) − κ)/2 6= α ∈ Γ} (3.37)
if J = {~0}.
When
J = {~0}, Γ = (Z, 0), κ = (1, 0), (3.38)
the Lie superalgebra C˜ = A˜ is the well-known centerless super Virasoro algebra. Kantor [Ki]
constructed Jordan and Lie superalgebras from Poisson algebras. His construction is now known
as Kantor’s double processing. Our above construction of Lie superalgebras from the algebras
of Class I is another double processing. Note that (A2, ·, [·, ·]I ) does not form a Poisson algebra
(cf. (3.9), (3.11)). The Lie superalgebra C˜ is not finitely generated when Xp(Γ)Jp 6= {~0} for
p = 1 or 2.
Example 3.3. Let k be a positive integer and let A be the subalgebra of
R[t
±1/k
1 , t
±1/k
2 , t3, t4] (3.39)
generated by
{t±11 , t
±1
2 , t3, t4, (t1t2)
1/k}. (3.40)
In particular, A = R[t±11 , t
±1
2 , t3, t4] when k = 1. Suppose that m and n are two fixed integers.
The space
B¯ = (A×A)/R(t2)(0) (3.41)
with its Lie superbracket induced by
[f(0), g(0)] = [(t1ft1 + ft3)(t2gt2 + gt4 − g) + (f − t2ft2 − ft4)(t1gt1 + gt3)](0), (3.42)
[f(0), g(1)] = [(t1ft1+ft3)(t2gt2+gt4+(n−1)g/2)+(f−t2ft2−ft4)(t1gt1+gt3+mg/2)](1), (3.43)
[f(1), g(1)] = ((t
m
1 t
n
2 )fg)(0), (3.44)
for f, g ∈ A (cf. (3.31)).
4 Lie Algebras of Hamiltonian Type and Contact Type
Let k be a nonnegative integer. We shall write an element of F 2k as
α = (α1, α2, ..., α2k). (4.1)
Denote by Xr the rth coordinate mapping of F
2k with r ∈ 1, 2k, that is,
Xr(α) = αr for α ∈ F
2k. (4.2)
For λ ∈ F, we let
λ[r] = (0, ..., 0,
r
λ, 0, ..., 0) for r ∈ 1, 2k. (4.3)
Take an additive subgroup Γ1 of F
2k and additive semigroups
Jp ∈ {{0},N} for p ∈ 1, 2k (4.4)
such that
Xp(Γ) + Jp 6= {0} for p ∈ 1, 2k. (4.5)
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Set
J = J1 × J2 × · · · × J2k. (4.6)
Then J forms an additive sub-semigroup of F 2k. We shall write an element of J as
~i = (i1, i2, ..., i2k). (4.7)
Let Γ0 be a torsion-free abelian group. Define
Γ = Γ0 ⊕ Γ1 a direct sum of abelian groups. (4.8)
We write an element of Γ as
~α = α0 + α with α0 ∈ Γ0, α ∈ Γ1. (4.9)
Let A be the semigroup algebra of Γ× J with the canonical basis
{x~α,
~i | (~α,~i) ∈ Γ× J }, (4.10)
that is,
x~α,
~i · x
~β,~j = x~α+
~β,~i+~j for (~α,~i), (~β,~j) ∈ Γ× J . (4.11)
The identity element of A(Γ,J ) is x
~0,~0, which will be simply denoted as 1A. Moreover, we have
the following mutually commutative derivations {∂p | p ∈ 1, 2k} defined by
∂p(x
~α,~i) = αpx
~α,~i + ipx
~α,~i−1[p] for (~α,~i) ∈ Γ× J , (4.12)
where we adopt the convention that if a notation is not defined but technically appears in an
expression, we always treat it as zero; for instance, x~α,−1[1] = 0 for any ~α ∈ Γ.
Take k1 ∈ 0, k such that
Xp(Γ1) 6= {0} or Xk+p(Γ1) 6= {0} for p ∈ 1, k1. (4.13)
Set
℧ = {p, k + p | p ∈ 1, k, Xp(Γ1)Xk+p(Γ1) 6= {0}}. (4.14)
We also view Γ as a Z-module. Take a skew-symmetric Z-bilinear φ(·, ·) : Γ× Γ→ F such that
{α0 ∈ Γ0 | φ(α0, ~β) = 0 for ~β = β0 + β ∈ Γ with Xq(β) = 0 if q ∈ ℧} = {0}. (4.15)
Moreover, we assume
1[p] ∈ Γ1 if p ∈ k1 + 1, k
⋃
k + k1 + 1, 2k and Xp(Γ1) 6= {0}, (4.16)
1[p] ∈ Radφ if p ∈ 1, k1
⋃
k + 1, k + k1 and Xp(Γ1) 6= {0}. (4.17)
Choose
0 6= σp ∈ Radφ
⋂
(F1[p] + F1[k+p]) for p ∈ 1, k1, σq = 0 for q ∈ k1 + 1, k, (4.18)
and set
σ =
k∑
p=1
σp. (4.19)
For any ~α ∈ Γ, we set
A~α =
∑
~i∈J
Fx~α,
~i. (4.20)
Then we have the following Lie bracket [·, ·]H on A:
[u, v]H =
k∑
p=1
xσp,
~0(∂p(u)∂k+p(v)− ∂k+p(u)∂p(v))
+(φ(~α, ~β)−
k∑
p=k1+1
(αpβk+p − αk+pβp))uv (4.21)
Obviously, 1A is a central element of (A, [·.·]H). Form the quotient Lie algebra
H = A/F1A, (4.22)
whose induced Lie bracket is still denoted by [·, ·]H . The algebra H is called a Lie algebra of
Hamiltonian type.
Theorem 4.1 (Xu, [X7]). The Lie algebra (H, [·, ·]H ) is simple if J 6= {~0} or k1 = 0; If
J = {~0} and k1 > 0, then the derived subalgebra H
(1) = [H,H]H is simple and H = H
(1) ⊕
(Fxσ,
~0 + F1A).
A classical Lie algebra of Hamiltonian type is isomorphic to the above H when
Γ0 = {0}, k1 = 0, Γ1 = {0}. (4.23)
In this case, A ∼= F[t1, t2, ..., t2k]. Osborn [O] studied the case
Γ0 = {0}, Xp(Γ1)1[p] ⊂ Γ1, Xp(Γ1) = {0} or Jp = {0} (4.24)
for p ∈ 1, 2k. Osborn and Zhao [OZ2] dealt with the case
J = {~0}, φ(α0 + α, β + β0) = φ
′(α0, β0) +
k∑
p=k1+1
(αpβk+p − αk+pβp) (4.25)
for α0, β0 ∈ Γ0 and α, β ∈ Γ1, where φ
′(·, ·) : Γ0 × Γ0 → F is a skew-symmetric Z-bilinear form.
In fact, H is not finitely-graded if Xp(Γ)Jp 6= {~0} for some p ∈ 1, 2k.
It is straightforward to verify
[u, vw]H = [u, v]Hw + v[u,w]H for u, v, w ∈ A. (4.26)
Thus (A, ·, [·, ·]H ) forms a Poisson algebra (cf. (4.11) and (4.21)). In [SX2], we completely
determined the isomorphism classes of Poisson algebras of the above form (A, ·, [·, ·]H ).
Next we shall construct simple Lie algebras of contact type. Let k be a positive integer.
Take an additive subgroup Γ0 of F, an additive subgroup Γ1 of F
2k, and additive semigroups
Jp ∈ {{0},N} for p ∈ 0, 2k (4.27)
such that
Γ0 + J0 6= {0}, Xp(Γ) + Jp 6= {0} for p ∈ 1, 2k. (4.28)
Set
Γ = Γ0 × Γ1 (4.29)
and
J = J0 × J1 × · · · × J2k. (4.39)
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Then Γ forms a subgroup of F 2k+1 and J forms an additive sub-semigroup of F 2k+1. We shall
write an element of Γ as
α = (α0, α1, ..., α2k) (4.31)
and an element of J as
~i = (i0, i1, ..., i2k). (4.32)
Let A be the semigroup algebra of Γ× J with the canonical basis
{xα,
~i | (α,~i) ∈ Γ× J }, (4.33)
that is,
xα,
~i · xβ,
~j = xα+
~β,~i+~j for (α,~i), (~β,~j) ∈ Γ× J . (4.34)
For λ ∈ F, we let
λ[r] = (0, ..., 0,
r
λ, 0, ..., 0) for r ∈ 0, 2k. (4.35)
Moreover, we have the following mutually commutative derivations {∂p | p ∈ 0, 2k} defined by
∂p(x
α,~i) = αpx
α,~i + ipx
α,~i−1[p] for (α,~i) ∈ Γ× J . (4.36)
We assume that
σp = −1[p] ∈ Γ if Xp(Γ1) 6= {0}, Xk+p(Γ1) = {0}, (4.37)
σp = −1[k+p] ∈ Γ if Xp(Γ1) = {0}, Xk+p(Γ1) 6= {0}, (4.38)
σp = −1[p]−1[k+p] ∈ Γ, F1[p]
⋂
Γ 6= {0}, F1[k+p]
⋂
Γ 6= {0} if Xp(Γ1)Xk+p(Γ1) 6= {0}, (4.39)
for p ∈ 1, k.
Set
℧1 = {p ∈ 1, 2k | Xp(Γ1) 6= {0}}, ℧2 = 1, 2k \ ℧1. (4.40)
Assumption (4.28) implies Jp = N for p ∈ ℧2. We define another derivation ∂ on A by
∂(xα,
~i) = (
∑
p∈℧1
αp +
∑
q∈℧2
iq)x
α,~i for (α,~i) ∈ Γ× J . (4.41)
Take any σ0 ∈ Γ01[0] and let
σp = 0 for p ∈ 1, k \ ℧1. (4.42)
Then we have the following Lie bracket [·, ·]K on A:
[u, v]K = x
σ0,~0[∂0(u)(2−∂)(v)−(2−∂)(u)∂0(v)]+
k∑
p=1
xσp,
~0(∂p(u)∂k+p(v)−∂k+p(u)∂p(v)) (4.43)
for u, v ∈ A. We call the algebra (A, [·, ·]K) a Lie algebra of Contact type.
Theorem 4.2 (Xu, [X7]). The Lie algebra (A, [·, ·]K) is simple.
The Lie algebra (A, [·, ·]K) is not finitely graded if Γ0J0 6= {0} or Xp(Γ1)Jp 6= {0} for some
p ∈ 1, 2k. A classical Contact Lie algebra is isomorphic to (A, [·, ·]K) when Γ = {0}. Osborn [O]
studied the algebra (A, [·, ·]K) when Γ0J0 = {0} and
Xp(Γ1)1[p] ∈ Γ1, Xp(Γ1)Jp = {0} for p ∈ 1, 2k. (4.44)
Osborn and Zhao [OZ1] dealt with the case J = {~0}.
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5 Classical Lie Algebras over Generalized Weyl Algebras
For an associative algebra B (which may not have an identity element), the associated Lie bracket
is defined by
[u, v] = uv − vu for u, v ∈ B. (5.1)
The Weyl algebra Ak of rank k is an associative algebra generated by {ti, ∂i | i ∈ 1, k} with the
defining relations:
[ti, tj ] = 0 = [∂i, ∂j ], ∂itj − tj∂i = δi,j1Ak , for i, j ∈ 1, k. (5.2)
Let us go back to the settings (2.10)-(2.16). For convenience, we denote
A = A(ℓ1, ℓ2, ℓ3; Γ), (5.3)
the commutative associative algebra defined in (2.11) and (2.12). Recall that the derivation
subalgebra D defined by (2.13)-(2.16). Now we define
A =
∞∑
n=0
ADn ⊂ End A. (5.4)
Then A forms an associative subalgebra of End A. In fact, A is isomorphic to the Weyl algebra
Aℓ when ℓ2 = ℓ3 = 0. We call the algebra A a generalized Weyl algebra.
For positive integer n, we denote by Mn×n(A) the algebra of n× n matrices with entries in
A. Fix a positive integer k. Let
{B
(1)
l ,B
(2)
l , ...,B
(k)
l } (5.5)
be a set of nonzero left ideals of A and let
{B(1)r ,B
(2)
r , ...,B
(k)
r }. (5.6)
For notational convenience, we set
~Bl = (B
(1)
l ,B
(2)
l , ...,B
(k)
l ),
~Br = (B
(1)
r ,B
(2)
r , ...,B
(k)
r ). (5.7)
We define
gl(~Bl, ~Br) =




a1,1 a1,2 · · · a1,k
a2,1 a2,2 · · · a2,k
...
...
...
ak,1 ak,2 · · · ak,k

 | ai,j ∈ B(i)r B
(j)
l


. (5.8)
Then gl(~Bl, ~Br) forms a Lie subalgebra of Mk×k(A) with the Lie bracket defined in (5.1). Set
~A = (A,A, ...,A). (5.9)
When (~Bl, ~Br) = ~A, gl(~Bl, ~Br) = Mk×k(A) has a one-dimensional center FIk, where Ik is the
k × k identity matrix. We define the quotient Lie algebra
sl(k,A) =Mk×k(A)/FIk. (5.10)
Theorem 5.1 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra gl(~Bl, ~Br) with (~Bl, ~Br) 6=
~A and the Lie algebra sl(k,A) are simple.
Pick
ℓ′ ∈ 0, ℓ1. (5.11)
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Set
A′ =
∑
α∈Γ
F[tℓ′+1, ..., tℓ1+ℓ2 ]x
α, A′ = A′(F[∂ℓ′+1, ..., ∂ℓ]). (5.12)
Then A′ forms a subalgebra of A. Define
t¯~m = tm11 t
m2
2 · · · t
mℓ′
ℓ′ , ∂¯
~m = ∂m11 ∂
m2
2 · · · ∂
mℓ′
ℓ′ for ~m = (m1, ...,mℓ′) ∈ N
ℓ′ , (5.13)
∂˜~n = ∂
nℓ′+1
ℓ′+1 ∂
nℓ′+2
ℓ′+2 · · · ∂
nℓ
ℓ , (−∂˜)
~n = (−∂ℓ′+1)
nℓ′+1(−∂ℓ′+2)
nℓ′+2 · · · (−∂ℓ)
nℓ (5.14)
for ~n = (nℓ′+1, ..., nℓ) ∈ N
ℓ−ℓ′ . Set
A
′′ =
∑
~m′, ~m′′∈N ℓ′
Ft¯~m
′
∂¯ ~m
′′
. (5.15)
Observe that A′′ is a subalgebra of A. Moreover, A′ and A′′ are mutually commutative subalge-
bras and
A = A′′A′. (5.16)
We define τ ∈ EndA by
τ(ut¯~m
′
∂¯ ~m
′′
∂˜~n) = (−∂˜)~n · ut¯~m
′′
∂¯ ~m
′
for ~m′, ~m′′ ∈ N ℓ
′
, ~n ∈ N ℓ−ℓ
′
, u ∈ A′. (5.17)
It was verified in [BXZ] that the map τ is an involutive anti-automorphism of A, that is,
τ2 = 1, τ(1) = 1, τ(uv) = τ(v)τ(u) for u, v ∈ A. (5.18)
Fix a positive integer k. Let {B
(1)
l ,B
(2)
l , ...,B
(k)
l } be a set of nonzero left ideals of A and let
{B
(1)
r ,B
(2)
r , ...,B
(k)
r } be a set of nonzero right ideals of A. Set
Aˆ =
k⊕
i,j=1
B
(i)
r B
(j)
l (5.19)
as a direct sum of k2 vector spaces. Let ρ ∈ End Aˆ such
ρ2 = IdAˆ, ρ(B
(i)
r B
(j)
l ) = B
(j)
r B
(i)
l for i, j ∈ 1, k (5.20)
and
ρ(ab) = ρ(b)ρ(a) for i, j, p ∈ 1, k, a ∈ B(i)r B
(j)
l , b ∈ B
(j)
r B
(p)
l . (5.21)
The followings are examples of such a linear map ρ.
Example 5.1. (1) We first take a set {B
(1)
l ,B
(2)
l , ...,B
(k)
l } of nonzero left ideals of A, and
then take
B
(j)
r = τ(B
(j)
l ) for j ∈ 1, k. (5.22)
It is easy to see that {B
(1)
r ,B
(2)
r , ...,B
(k)
r } is a set of nonzero right ideals of A. Moreover,
τ(B(i)r B
(j)
l ) = B
(j)
r B
(i)
l for i, j ∈ 1, k (5.23)
by (5.18). So we can take ρ ∈ End Aˆ determined by
ρ(u) = τ(u) for u ∈ B(i)r B
(j)
l , i, j ∈ 1, k. (5.24)
(2) Take
~m1, ~m2, ..., ~mk, ~n1, ~n2, ..., ~nk ∈ N
ℓ−ℓ′ . (5.25)
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Set
B
(i)
l = A∂˜
~mi , B(i)r = ∂˜
~niA for i ∈ 1, k. (5.26)
In this case
B
(i)
r B
(j)
l = ∂˜
~niA∂˜ ~mj for i, j ∈ 1, k. (5.27)
Set
|~m| =
ℓ∑
i=ℓ′+1
mi for ~m = (mℓ′+1, ...,mℓ) ∈ N
ℓ−ℓ′ . (5.28)
Moreover, we assume
|~m1|+ |~n1| ≡ |~m2|+ |~n2| ≡ · · · ≡ |~mk|+ |~nk| (mod 2). (5.29)
We define the linear map ρ : Aˆ→ Aˆ by
ρ(∂˜~nia∂ ~mj ) = (−1)|~ni|+|~mj |∂˜~njτ(a)∂ ~mi for i, j ∈ 1, k, ∂˜~nia∂ ~mj ∈ B(i)r B
(j)
l . (5.30)
Set
Ψ =




a1,1 a1,2 · · · a1,k
a2,1 a2,2 · · · a2,k
...
...
...
ak,1 ak,2 · · · ak,k

 | ai,j ∈ B(i)r B
(j)
l ; i, j ∈ 1, k


. (5.31)
Then Ψ is an associative subalgebra of Mk×k(A). Moreover, we define a linear map ∗ : Ψ → Ψ
by 

a1,1 a1,2 · · · a1,k
a2,1 a2,2 · · · a2,k
...
...
...
ak,1 ak,2 · · · ak,k


∗
=


ρ(a1,1) ρ(a2,1) · · · ρ(ak,1)
ρ(a1,2) ρ(a2,2) · · · ρ(ak,2)
...
...
...
ρ(a1,k) ρ(a2,k) · · · ρ(ak,k)

 . (5.32)
It can be verified that ∗ is an involutive anti-automorphism of Ψ. Define
o(~Bl, ~Br) = {A ∈ Ψ | A
∗ = −A}. (5.33)
Then o(~Bl, ~Br) forms a Lie subalgebra of Mk×k(A) with the Lie bracket defined in (5.1).
Theorem 5.2 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra o(~Bl, ~Br) is simple.
Next we set
Ψ′ =




a1,1 · · · a1,2k
...
...
a2k,1 · · · a2k,2k

 | ai,j, ak+i,j, ai,k+j, ak+i,k+j ∈ B(i)r B(j)l ; i, j ∈ 1, k

 . (5.34)
Then Ψ′ is an associative subalgebra ofM2k×2k(A). Moreover, we define a linear map ∗ : Ψ
′ → Ψ′
by 

a1,1 a1,2 · · · a1,2k
a2,1 a2,2 · · · a2,2k
...
...
...
a2k,1 a2k,2 · · · a2k,2k


∗
=


ρ(a1,1) ρ(a2,1) · · · ρ(a2k,1)
ρ(a1,2) ρ(a2,2) · · · ρ(a2k,2)
...
...
...
ρ(a1,2k) ρ(a2,2k) · · · ρ(a2k,2k)

 . (5.35)
It can be verified that ∗ is an involutive anti-automorphism of Ψ′.
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Denote
S =
(
Ik
−Ik
)
, (5.36)
where Ik is the k × k identity matrix. Moreover, we define
ρ(A) = −SA∗S for A ∈ Ψ′. (5.37)
Then ρ is involutive anti-automorphism of Ψ′. We set
sp(2k, ~Bl, ~Br) = {A ∈ Ψ
′ | ρ(A) = −A}. (5.38)
The subspace sp(2k, ~Bl, ~Br) forms a Lie subalgebra of M2k×2k(A) with the Lie bracket defined
in (5.1).
Theorem 5.3 (Benkart, Xu and Zhao, [BXZ]). The Lie algebra sp(2k, ~Bl, ~Br) is simple.
We remark that in [BXZ], we obtained Theorems 5.1-5.3 for any simple associative algebra
satisfying certain properties as A do. These simple algebras are not finitely-graded. All the
classical Lie superalgebras over generalized Weyl algebras had been obtained.
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